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Abstract 

In this paper, we generalize the polar transforms of spacelike isothermic surfaces in Qf to n- 
dimensional pseudo-Riemannian space forms Q". We show that there exist c— polar spacelike 
isothermic surfaces derived from a spacelike isothermic surface in Q", which are into S''^~^^{c), 
H^-i{c) or depending on c > 0, < 0, or = 0. The c— polar isothermic surfaces can be char- 
acterized as generalized i?— surfaces with null minimal sections. We also prove that if both the 
original surface and its c— polar surface are closed immersion, then they have the same Willmore 
functional. As examples, we discuss some product surfaces and compute the c— polar transforms 
of them. In the end, we derive the permutability theorems for c— polar transforms and Darboux 
transform and spectral transform of isothermic surfaces. 
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1 Introduction 

As a classical topic in differential geometry, isothermic surfaces are well known as that they 
admit various kinds of transforms to derive new isothermic surfaces, such as the Christoffel 
transform (the dual isothermic surface), the spectral transforms (also known as T-transforms, 
Bianchi transforms or Calapso transforms), and the Darboux transforms. And there are also 
permutability theorems relating them ([2j,[9]). However, it was revealed only in the past 20 
years O [3l El [21 [I] that, there is a structure of integrable system underlying the theory about 
isothermic surfaces, which has its root in the transforms of isothermic surfaces. 

In recent years, the integrable system theory of isthermic surfaces is used to other cases 
to study transforms of isothermic surfaces. Dussan [6], Fujioka and Inoguchi [8], began to 
study isothermic surfaces in pseudo-Riemannian space forms. And Zuo et al [15] generalized 
the Darboux transform of isothermic surfaces to the pseudo-Riemannian space forms using the 
methods developed by Burstall in [2] and Bruck et al in [1]. 
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On the other hand, in [1'2\ I13j. Ma and Wang found that there exists a natural transform of 
spacehke surfaces in Qf, the conformal compactification of the 4-dimensional Lorentzian space 
forms. The key observation is that in this codim-2 case, the normal plane at any point is 
Lorentzian. The two null lines [L], [R] in this plane define two conformal maps into Qf, called 
the left and the right polar surface, respectively. Conversely, Y is also the right polar surface of 
[L] , and the left polar surface of [R] (when [L] and [R] are immersions) . It is proved in [12^ [T3] 
that these transforms preserve the Willmore property and isothermic property. 

In this paper we generalize this produce to the higher codimension by a key observation 
that the conformal normal bundle of a spacelike isothermic surface is flat, which allows us to 
derive a parallel section of the normal bundle conformal to the isothermic surface. So we can 
define the polar transforms locally. A new isothermic surface produced in this way is neither the 
spectral transform nor the Darboux transform of [Y]. It can be looked as the generalization of 
the Christoffel transform for isothermic surface, see Section 3 for details. It is also interesting to 
see that all c— polar surfaces are generalized iJ— surfaces with null minimal sections (when c=0, 
it should be looked as surfaces in M^J,*^^, see Section 3 for details). We also discuss the moduli 
space of c— polar transforms of a spacelike isothermic surface in in the meaning of isometric 
equivalence. See Theorem 13.51 

Since c— polar transforms can be viewed as generalized Christoffel transforms, it is natu- 
ral to expect that c— polar transforms commute with the spectral transform and the Darboux 
transform. Similar to [13], we derive two of such permutability theorems, see Theorem 14.11 and 
Theorem 1121 

This paper is organized as follows. In Section 2 we review the main theory of spacelike 
surfaces both in the isometric case and in the conformal case, together with the relations between 
them. The definition and basic properties of isothermic surfaces are also discussed here. Then 
we introduce the c— polar transforms of spacelike isothermic surfaces and the description of them 
as the main theorem in Section 3. Finally, we provide a brief proof of the permutability theorems 
between c— polar transforms and the spectral transforms, the Darboux transforms in Section 4. 

2 Surface theory for spacelike isothermic surfaces 

In this section we first give the surface theory in space forms. Then we derive the surface theory 
in the conformal geometry of surface theory. In the end the relations between the isometric 
variants of surfaces and the conformal variants of a surface is obtained. 

2.1 Spacelike isothermic surfaces in A^^(c) 
Let be the space equipped with the quadric form 



Let N^{c) denote the n-dimensional pseudo-Riemannian space form with constant curvature c, 
c = 0, 1, —1, which has a pseudo-Riemannian metric of signature [n — r,r), n — r > 2,r > 0. 
Then for a point x G N^{c), 



m—s 



m 
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' xeN^ric) = R^. CM", c = 0, 

< X G N^{c) = S"; cR'^+\ c= 1, 

_ X e N^ic) = H-^ C W,Xl. c = -1. 

Let X : M — )• Nl!'{c) be a spacelike surface with complex coordinate z and metric \dx\^ = e'^^\dz\^. 
The structure equation can be given as 

{Xzz = 2uJzXz + f^, 
xz-z = \e''^H - §e2-x, (1) 
Uaz = DzUa - {na,H)xz - 2e~'^'^ {Ua, ^)xz, a = 3, • • • , n. 

Here {tt-q,} is a orthonormal frame of the normal bundle with ip-a^'^a) — — 

±1 and Dz 

denotes the normal connection. The r(r-'-M (8) C)— valued 2-form Q.dz'^ = ^^^=3 O^n^dz^ is the 
vector-valued Hopf differential. We also assume that the mean curvature vector H = h"na- 
Then we have the integrable equations: 

' {H,H) - K + c = 4e-^'^{n,n), 

< DzH = 2e-'^'^Dzn, (2) 
^ Rgna ■■= DzDzUa - DzDzUa = 2e~2-'((n„, n)n - (n„, 

To see the fundamental forms of x, we assume that the two fundamental forms of x are of 
the form 

/ = e^'^idu^ + dv"^), II = ^{b'^^du^ + Ib'f^dudv + b'^2dv'^)na, z = u + iv. 

a 

Comparing with the coefficients in ([T|), we have that 

= (e^'^/i" + 0" + IF), 6^2 = (-e^^/i" + 0" + fF), = K^'" - '^)- 

Now we define the isothermic surfaces as follow. 

Definition 2.1. ]^ Let x : M — )• N^{c) be a spacelike surface. It is called isothermic if around 
each point of M there exists a complex coordinate z such that the vector-valued Hopf differential 
Q is real-valued. Such a coordinate z is called an adapted coordinate. 

Remark 2.2. (Comparing with the classical definition, [l], [2], etc.) Here O is real- valued if and 
only if all of fi" are real-valued functions. The real-valued property of 17, together with the 
Ricci equations in ([2]), shows that the normal bundle of x is flat. This is an important property 
of isothermic surfaces, which guarantees that all shape operators commute and the curvature 
lines could still be defined. Let {ria} be a parallel orthonormal frame of the flat normal bundle. 
Since = fi", the two fundamental forms of an isothermic surface are of the form 

/ = e2^(du2 + dv^), II = Y^ibndu^ + b'^^dv'^W, (3) 

a 

with respect to the parallel normal frame {ua}- Then {u,v) are the conformal curvature line 
parameters. So our definition of spacelike isothermic surfaces coincides with the classical defi- 
nition: 

X is isothermic if and only if there exists a pair of coordinate (n, v) and parallel normal frame 
{ria} such that the two fundamental forms are of the form in 
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Remark 2.3. Another significant property of isothermic surfaces is that they are conformally 
invariant, which suggests that it may be better to treat them using a conformally invariant 
frame. This is the main topic in the next subsection. 



2.2 Spacelike isothermic surfaces in Q" 

Let be the pseudo Euclidean space (M™, (,)) as above. We denote by C™~^ the light cone 
of M^, and by 

q;? = { N e MP"+i I X e C^+^ \ {0}} 

the projectived light cone, with the standard projection vr : C"^^\{0} — • Qr can be equipped 
with a {n—r, r)— type pseudo- Riemannian metric induced from the projection vr : S^~^xS'^ — )• Q" 
. Here 

n— r+l n+2 

S--^xS^ = {xeKt!\ E E ^l = ^}ccr'\{0} 

i=l i=n—r+2 

is endowed with a (n — r,r)— type pseudo- Riemannian metric 9(5'"'"'')® (—g(S"')), where g{S^~'^) 
and g{S'^) are standard metrics on 5'""'' and . So there is a conformal structure of (n — 
r,r)— type pseudo-Riemannian metric [h] on Q". It is well known that the conformal group 
of {Qr, [h]) is exactly the orthogonal group 0(n — r + l,r + l)/{ibl}, which keeps the inner 
product of M"^^ invariant and acts on by = [xT], T G 0{n — r + l,r + 1). Then 

A^", c = 0, 1, — 1, can be conformally embedded as a proper subset of via 

1 + {x,x) \ 

^ ,x, . (4) 



Note that when c = 1, the first coordinate above equals to zero, and when c = — 1 the last 
coordinate equals to zero. So in both cases we may look it as being a map into Q^. 

The basic conformal surfaces theory shows that for a spacelike surface y : M ^ with local 
coordinate z, there exists a local canonical lift Y : U ^ C^^^ \ {0} of y such that \dY\'^ = |dzp 
in an open subset f7 of M. We denote 

V = Span{y, Re(y,), Im(y,), y,,-} (5) 

the conformal tangent bundle, and its orthogonal complement or the conformal normal 
bundle. Let D denote the normal connection, i.e. the induced connection on the bundle V^. 
Let ^jJ G T{V^) denote an arbitrary section. Then the structure equation of y can be derived as 
follows ([4], [To]). 

Yzz — 2^ ~^ 

Yz-z = -{k,k)Y + IN, 

Nz = -2{k, k)Y, - sY-z + 2D-zK, ^''> 
= Dz^ + 2(V', D-zk)Y - 2(V^, k)Y-z. 

The first equation above defines two basic invariants k and s dependent on z, called the conformal 
Ro'pf differential and the Schwarzian derivative of y, respectively (see [3].[10j). 
The conformal Hopf differential defines the conformal invariant metric 

g:={K,K)\dz\\ (7) 
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and the well-known Willmore functional 

W{y) := 2i I {K,R)dz A dz. 



(8) 



M 



For more details on this subject, we refer to [H [THl HU [T^] , etc. 

The conformal Gauss, Codazzi and Ricci equations as integrable conditions are: 

]-S2 = 3(k, DzR) + {DzK, k), 



ImlDzDzK H — sk) 



0, 



Rgij := D-zDz^ - DzD-z^ = 2((V', k)R - R)k). 



(9) 

(10) 
(11) 



Spacelike isothermic surfaces are also defined as of real-valued conformal Hopf differential 
with respect to some complex coordinate (also called the adapted coordinate). 

To see this, we give the relations between the isometric invariants and conformal invariants 
of a spacelike surface x : M — )• N^{c) as above. We may assume that c = 0. The other cases are 
similar. We denote 

1 — {x,x) 1 + {x, x) 



X 



(12) 



Then y = [X] is the corresponding surface into Q". It is direct to obtain a canonical lift 
Y = e-'^X w.r.t. z. So 



y = ^e-"(l-(x,x),2x,l + (x,x)), 
Yz = -uJzY + e~'^{-{x,Xz),Xz, {x,Xz)), 

N = e'^i-1 - {H, x),H,l + {H, x)) - 2ojzYz - IcOzY, - 2\uJz?Y, 

, i'a = {-{na,x),na, {na,x)) + {Ua, H)Y. 



(13) 



Then we see that the normal connection oi {ipa} is the same as the normal connection of {tt-q,}. 
we also calculate the Schwarzian and conformal Hopf differential as 



s = 2uj,, - 2ujI + 2{n,H), K = e~'^{-{n,x),n, {n,x)) + {n,H)Y. 
Now we derive that k is real-valued if and only if is real-valued. 



(14) 



3 Generalized c— polar transforms of spacelike isothermic sur- 
faces 

In |13] . they gave the definition of polar transforms of spacelike isothermic surfaces in Qf. Here 
we will show that such transforms can be defined in a more generalized case for isothermic 
surfaces. 

Definition 3.1. Let y : M ^ spacelike isothermic surface. Suppose that ip is a parallel 

section of the normal bundle of y with length c, i.e. ip G T{V'^), Dzip = 0, and = c. Then 

we call ip : M ^ -^"^^(^) O' c— polar transform of y when c / 0, and : M a 0— polar 

transform of y when c = 0. 
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Then, the polar transforms defined in |13j are exactly special cases of the 0— polar transforms. 
We also note that the polar transforms can also be characterized as below: 

Proposition 3.2. ^0 : M — )• R"^^ derives a c— polar transform of y if it satisifies the following 
conditions: (i).{ip,Y) = {ip,Yz) = 0; (ii). ipz G Spanc{Y,Y2} . 

Proof. From (ii), we see that {i^z-iYz) = 0, together with (i), yielding (ip^Yzz) = 0. So -0 is a 
parallel section of the normal bundle by (ii). Also from (ii), {ipz,ip) = 0, yielding = c for 

some constant c. □ 

Remark 3.3. The Christoffel transform of an isothermic surface x : M — )■ M" is defined as a map 
x*^ : M — )• M" such that x'^ \\ Xz (see [2], [H]) . Such x^ is also called dual to x. For c— polar 
transforms, we also can change the second condition such that 0^ G Spanic{Yz} by scaling of 
Y . In this sense, we also can say that ip is dual to Y , and c— polar transforms can be looked as 
generalized Christoffel transforms. 

On the other hand, (spacelike) isothermic surfaces, together with one of their Darboux 
transforms, are also characterized as curved flats or 0{m + l,l)/0(m) x 0(1, 1)— system II 
in integrable system theory, see for example [3], [1], [5], [6], [15]. We also note that in [3], 
the Christoffel transform of an isothermic surface is explained as a limit surface of Darboux 
transforms. While there does not exist an integrable system theory structure for the Christoffel 
transform. Here the integrable system description of c— polar transforms is also unknown. 

Another notion related with c— polar transforms is the generalized H-surface, provided by 
Burstall as examples of isothermic surfaces. 

Definition 3.4. A surface f : M ^ N'^{c), with mean curvature vector H , is said to be a 
generalized H-surface if it admits a parallel isoperimetric section. Here an isoperimetric section 
means a unit normal vector field N of f satisfying {N,H) = const. N is called a minimal 
section if {N,H) = 0. 

Now we state our main theorem as follows: 

Theorem 3.5. Let y : M ^ Q" be a full spacelike isothermic surface. That is, the image of y 
is not contained in any affine hyperplane. 

(i) . When c ^ 0, on an open dense subset Mq of M , any c— polar transform ip : Mq — )■ 
^r^^i^) '^^^^ ^ spacelike isothermic surface sharing the same adapted coordinate with y. 
Moreover, %[) is a generalized H-surface admitting a parallel minimal section. To be concrete, 
there exists a lift Y^ of y with Yf \\ ^z, that is, Y^ is dual to ip. 

(ii) . When c = 0, on an open dense subset Mq of M, any 0— polar transform [ip] : Mq — )■ 
ofy is also a spacelike isothermic surface sharing the same adapted coordinate with y. Moreover, 
if} is a generalized H-surface in M"^^ admitting a parallel minimal section. To be concrete, there 

exists a lift Y^ ofy with Yz \\ '4'z, that is, Y^ is dual to ip. 

(Hi). The moduli space of isometric c— polar surfaces can be described as follows. ■ 

' {c - polar surfaces ofy} ^ Sl!'^{c)/Z2 = {x £ M;^-^|(x,x) = c}/Z2,c> 0. 
< {0-polar surfaces ofy} ^Q'^zUc) = {x ^K~''^\{x,x) =0},c = 0. (15) 
, {c- polar surfaces ofy} ^ H'^zl{c)/Z2 = {x G M;?~2|(x,x) = c}/2'2,c < 0. 
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(iv). Let tp be a c— polar transform of y. The conformal invariant metric of ip is of the form 

Furthermore, suppose that M is a closed surface. If ip is globally immersed, then = W{y), 

i.e., in this case, the Willmore functional is polar transform invariant. 

Proof. Here we use the notions in Section 2. Let ip he & parallel section of normal bundle V 
with = c. Then we have that 

ij, = 2{i;,D,K)Y -2{tP,K)Y,. 

So 

Suppose that on an open subset Uq of M, {tp,K)'^ = 0. Then on Uq, {tp,K)'^ = {tp,DzK)'^ = 
• • • = 0. So "02 = and y is in the hyperplane V'"'"; contradicting to the full property of y. So 
there exists an open dense subset Mq of M on which ip is an immersion. That is, {iJ,Kf / 0. 
Then 

i^,, = 2{i;, D,D,k)Y - 2(V', D,k)Y, + 2{iP, D,k)Y, - 2{^, k)Y,-, 

with 

= -{^P, k)N + 2(V', D,k)Y, + 2(V', D,k)Y, 

+ 2{{'4>,d^D2k) + {'4>,k){k,k) — ^ y. 

Since the normal bundle is flat and k is real-valued, we derive that 

To show that ip is a generalized i^— surface, we first compute 

^P,, = -2(V, k)k + ((0, 2D,DsK + sk))Y. (19) 

Set 

{lp,K) 

We also have that 

(y^, yV-) = (y^^ ^) = (yV-, = (Y^^^,^) = 0, ^ {Y^ , H^) = 0. 

Here denotes the mean curvature vector of ip. Summing up, Y^ is a parallel minimal section 
of ip and dual to ip (in the sense of |2]). 



We obtain that 
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Now we turn to the proof of (iii). Let ip he a c— polar surface isometric to ip with ■0=p'0 7^ 0. 
Then 

Similar to above, we see that y falls into the affine hyperplane {ip =F '4')'^ 7 which is not allowed. 
So any two c— polar surfaces are not isometric. Then (iii) follows directly. 
For the computation of g^, by ([HI), (fTSj) . we have that 

= [K, K) H 



As to the Willmore functional, it is just a consequence of Stokes formula and 

az A az = —a — r- — ^ — dz 



□ 

Remark 3.6. One can see that all 1— polar surfaces are in the set {Spacelike (full) isothermic 
generalized H— surfaces in S^!'^^ with null parallel minimal section }. And for any spacelike 
(full) isothermic generalized i7— surfaces in S""*"^ with null parallel minimal section, it is dual 
to some spacelike isothermic surface in and is also a 1— polar transform of this surface. In 
this sense, we may roughly say that this subset of spacelike isothermic generalized iJ— surfaces 
in 5'"+^ is equivalent to the set {Spacelike isothermic surfaces in Q"}. 

Corollary 3.7. Let ip and ip be two c— polar transforms of y. ip and ip have the same conformal 
invariant metric, if and only if 

{iP,k){^,k) 

is a holomorphic function of z. As a consequence, if F('ip,'ip, z, z) is not a holomorphic function, 
they are not conformally equivalent to each other. 

Remark 3.8. It is in general unknown how to determine the conformal moduli space of c— polar 
transforms, i.e., the c— polar transforms which are not conformally equivalent to each other. 
Below we provide examples with conformally equivalent polar transforms. 

Example 3.9. ([E]). In [12], they constructed a class of homogenous spacelike tori which are 
both Willmore and isothermic. Set = ip{t,9) = 9/Vt'^ - 1. Then Yt{e,(p) : M x M -)> R| is 
given by 

Yt{6, (p) = {cos{tip) cos (p, cos{tip) sin cp, sm{tip) cos </>, sin{tip) sin cp, cos 93, sin ip) . 

Note that the period condition is satisfied if t is a rational number; hence after projection vr 
we obtain an immersed torus. The polar transforms of Yt are [Lt] and [Rt], which are globally 
immersed. Then by the theorem above, we see that 

W{Yt) = W{Lt) = W{Rt). 
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To be concrete, by generalizing the fundamental theorem of conformal surface theory in [3], one 
can show that [Lt] and [Rt] are both conformally equivalent to \Yt]. For further details see |12j . 

Now we provide some other isothermic examples. 

Example 3.10. Set / = [0, /] and I = [0, [] . Let 7 : / ^ R"^^ and 7 : / ^ M;!^ two spacelike 
curves with arc parameter t, t respectively. Then 

X = : I X I M", n = ni + 71,2, r = n + r2, 

is a spacelike isothermic surface with adapted coordinate z = t + it. 
For simplicity, we assume that 7 and 7 are both in M?. And set 

7t = a, at = kj3, 7^- = q, ai = k^, 

with (q, 0), (/3, 0), (0, a), (0, /3) an orthonormal basis of M^. The mean curvature of x is -ff = 
|(/c/3, A;/3). And {(/3,0), {0,13)} is a parallel orthonormal basis of normal bundle. So we see that 
X is generalized ff— surface if and only if one of k, k is constant. 
On the other hand, any 1— polar transforms of x is of the form 

= {-{n',x),n',{n',x)) + ^{kcos9 + ksm9){ 1^.^ , ^ , l + {x,x) ^ 

with = {(3 cos 9, f3 sin0) for any 9 G [0, vr). And by computation, {ijj^ , k) = k cos 9 — k sin9. So 
Tp^ and 'i/''2 must be not conformally equivalent to each other when k^ + k~ ^ 0. And if both k 
and k are constant, x is just in a 3— dimensional space form and there exists only one c— polar 
surface of x. 

If we assume furthermore that both 7 and 7 are closed curves with kk > 0, that is, x is an 
immersed 2-torus, then for any 9 such that kcos9 — ksm9 7^ on T = x{I x /), is also an 
immersed 2-torus with W{ijj^) = W{x). Note that a special example of x is just the Clifford 
torus with 7 = 7 = S^{p^) C M?, which is conformally equivalent to any c— polar surface of it. 

4 Two permutability theorems 

Similar to the proof in |13j . we also can obtain the permutability theorems for c— polar transforms 
with spectral transforms and Darboux transforms. For simplicity, here we just give a rough proof. 

4.1 Permutability with spectral transform 

For an immersed spacelike isothermic surface ?/ : M — )• Q", the conformal Gauss, Codazzi, and 
Ricci equations are still satisfied under the deformation 

s' = s + c, {K^r) = {K,^), (V^^V') = (^,V'), Dl = D,, 

where c G M is a real parameter, and ^ is arbitrary section of normal bundle with deforming 
normal section ■ip'^. By the integrable conditions, there are an associated family of non-congruent 
isothermic surfaces [V^] with corresponding invariants. They are called the spectral transforms 
of the original surface (see ^). 
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Theorem 4.1. Let y'^ be a spectral transform (with parameter c) of y : M — )• Q^, both being 
spacelike isothermic surfaces. Denote their canonical lift as Y, for the same adapted coordinate 
z. If a c— polar surface tp is non- degenerate, then there exists a c— polar surface ofy^ such that 
ip'^ is also a spectral transform (with parameter c) of ip, i.e., we have the commuting diagram: 

[Y] > [Y'] 



if) > 

Proof. Since the transform preserve normal connection and k, let 'ijj'^ be the corresponding normal 
section of tp, then tp'^ is a c— polar transform of y'^. From the equations ()14p .()18 p .()17 p . (|19p . we 
see that the other conditions except Schwarzian are all satisfied. As to s, one computes 

s^ = 2ut-2{ut) + ^^^^^ +s. 

So we have ■s'^'' = s'^ + c. We conclude that ip'^ is a spectral transform of tp with parameter c. □ 

4.2 Permutability with Darboux transform 

We recall the basic properties of Darboux transforms as below. For more details, see [1], [2], [9], 

m, m- 

Definition and Proposition [13] Let y : M ^ denote a spacelike isothermic surface with 
canonical lift [Y] with respect to the adapted coordinate z. A spacelike immersion y* : M ^ 
is called a Darboux transform of y if its local lift Y* satisfies 

{Y,Y*) / 0, y; G spanc{y*,y,ys}. (21) 

Note that this is well-defined, where Y* is not necessarily the canonical lift. We have the following 
conclusions: 

1) y,y* are conformal; they envelop one and the same round 2-sphere congruence given by 

Span{y,y*,dy)} = Span{y,y*,dy*}. 

2) Set (y, y*) = —1. Then Y* = ^Y* + 9{Yz + ^Y), where 6 is a non-zero real constant. 
This Darboux transform is specified as D^-transform. 

3) Y* is an isothermic surface sharing the same adapted coordinate z. Hence the curvature 
lines of y,y do correspond. 

For the proof, we refer to [13]. Now we have the permutability theorem as below. 

Theorem 4.2. Let y : M ^ be a spacelike isothermic surface and [Y*] be a -transform 
of y. If 'ip is a non- degenerate c— polar surface of y, then there exists a c— polar surface ip* of y* 
such that ip* is also a -transform of ip, i.e., we have the commuting diagram: 



r^,n D^— transform 

[Y] > [Y*] 



left c— polar 



left c— polar (^2) 



, D^— transform , 
1p > Ip* 
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Proof. We may assume that 



Then differentiating Y* , we obtain 



(23) 



e = fi,-s-^-2{K,0- 

One can verify that is a constant via the integrable equations, following the methods in [lOj . 
Set 



(24) 



the structure equations can be written as 

( Y 

^ z 
Pz 
Pz 
, ^z 

Set 



-fy + p, 



fP + (| + (K,0)l^ + «, 

-^P + \Y* + {i,i)Y 
-2{^l,,K)P-{i,,D-,S)Y. 



(25) 



It is direct to verify that 



r ^{y\y:,y:,}, 



(26) 



and ip* is a parallel section of Y* with length c. By similar computations as [13] , one can prove 
that ip* is a Darboux transform of "0 with the same parameter 6. □ 

Acknowledgments The author is thankful to Professor Xiang Ma for valuable discussions 
and suggestions. 
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